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CONSTANT Q-CURVATURE METRICS ON CONIC
4-MANIFOLDS
HAO FANG AND BIAO MA
Abstract. We consider the constant Q-curvature metric problem in a given
conformal class on a conic 4-manifold and study related differential equations.
We define subcritical, critical, and supercritical conic 4-manifolds. Following
[Tro91] and [CY95], we prove the existence of constant Q-curvature metrics
in the subcritical case. For conic 4-spheres with two singular points, we prove
the uniqueness in critical cases and nonexistence in supercritical cases. We
also give the asymptotic expansion of the corresponding PDE near isolated
singularities.
1. Introduction
In this paper, we study Branson’s Q-curvature on conic 4-manifolds. First,
we give a brief introduction to the study of Q-curvature in conformal geometry,
especially on 4-manifolds. Then, we discuss conic 4-manifolds. Finally, we present
our main results.
Let (M4, g) be a compact 4 dimensional smooth Riemannian manifold. Branson’s
Q-curvature [BØ91] is defined as
Qg = −1
6
∆R − 1
2
|Ric|2 + 1
6
R2,
where R and Ric are the scalar curvature and the Ricci curvature tensor of g,
respectively. Similar to the role of the Gaussian curvature in the surface theory, Q-
curvature is related to the geometry of 4-manifolds by the following Gauss-Bonnet-
Chern formula:
(1.1)
ˆ
M
QdVg = 8π
2χ(M)−
ˆ
M
1
4
|W |2dVg,
where W is the Weyl tensor.
Let
kg =
ˆ
M
QdVg.
Since the Weyl tensor is locally conformally invariant, (1.1) implies that kg is a
global conformal invariant of M . Suppose that gw = e
2wg is another metric in the
same conformal class, where w ∈ C∞. The corresponding Q-curvature for gw is
given by
Pgw +Qg = e
4wQgw .
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Here Pg is the Paneitz operator
Pgw = ∆
2
gw + div
(
2
3
Rg − 2Ric
)
dw.
An important property of the Paneitz operator is its conformal transformation law.
Namely, Pgwu = e
−4wPg for gw = e
2wg. In [BØ91][BCY92, CY95], the authors
have extensively studied the Paneitz operator, Q-curvature and their relation to
zeta functional determinants of conformally covariant operators. It is worth noting
that the Paneitz operator is also a special case of more generally defined GJMS
operators, cf. [GJMS92].
A natural question in conformal geometry is finding constant Q-curvature met-
rics in a given conformal class. From an analytical point of view, the problem is
equivalent to the following
(1.2) Pgw +Qg = c · e4w,
where c is a constant.
We state some important results in this field. Chang and Yang [CY95] have
established the existence of constant Q-curvature metic if the conformal metric
class satisfies following conditions:
a) Pg is non-negative,
b) Ker Pg = {constants},
c) kg < 16π
2.
The number 16π2 comes from a sharp Moser-Trudinger type inequality due to
Adams[Ada88], which is critical in the arguments of Chang-Yang[CY95]. We
should remark that this existence result covers many cases. In particular, Gursky
[Gur99]has shown that conditions (a), (b), and (c) are satisfied when (i) Yamabe
constant Yg ≥ 0, (ii) kg ≥ 0, and (iii) M not conformal to S4. If kg > 16π2,
Djadli and Malchiodi [DM08] are able to establish the existence of constant Q-
curvature metrics if kg 6= 16lπ2, l = 1, 2, 3 · · · , by a delicate min-max argument.
For kg = 16π
2 , some existence results are obtained by J. Li, Y. Li and P. Liu[LLL12]
under certain additional conditions. In even dimension n > 4, constant Q-curvature
problems have been studied in [Ndi07, BFR09, Bre03].
We now introduce conic 4-manifolds. Let (M4, g0) be a compact smooth Rie-
mannian 4-manifold. The conical singularities are represented by the conformal
divisor
D =
k∑
i=1
piβi,
where pi ∈ M and 0 > βi > −1. For simplicity, we assume that β1 ≤ β2 ≤ · · · ≤
βk. Let γ(x) be a function in C
∞(M4 − {pi}) with following local forms: in a
neighborhood of pi:
(1.3) γ(x) =
k∑
i=1
βi log(ri)ηi(x) + fi(x),
where ri = distg0(x, pi) is the distance to pi, fi(x) is locally smooth near pi, and
ηi(x) is a local cut-off function near pi. Consider a singular metric
(1.4) gD = e
2γg0.
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gD is a metric conformal to g0 on M
4 − {pi} which has a conical singularity at
each pi. Let dVD be the volume element of gD. Let H
2(dVD) = W
2,2(dVD) be
the corresponding Sobolev space with respect to the measure dVD. We define the
conformal class of gD
[gD] := {gw = e2wgD : w ∈ H2(dVD) ∩ C∞(M − {pi})}.
Note [gD] depends only on (M
4, g0) and D. Function log |x−pi| is not in H2loc(dVD)
and neither is γ(x). Let g1 ∈ [gD]. We call a 4-tuple (M4, g0, D, g1) a conic 4-
manifold. Here g0 is called the background metric and g1 is called the conic
metric. We remark that our definition of conic manifolds can be generalized to
general dimensions. We also note here that our definition of conic singularity is in
the sense of Reimannian geometry. See, for example, [CC96, CC+97]. In particular,
our definition is different from similar notation that is used in studies of Ka¨hler
geometry.
We study the conformal geometry of conic manifolds. For conic 4-manifolds, a
corresponding Gauss-Bonnet-Chern formula first proved in [BN19] can be stated as
follows:
(1.5) kg1 =
ˆ
M
Qg1dVg1 =
ˆ
M
Qg0dVg0 + 8π
2
k∑
i=1
βi.
We will also give a detailed proof directly following the line of Troyanov[Tro91] in
Section 3.
In this paper, we study the constant Q-curvature metric for conic 4-manifolds.
Our motivations are both analytical and geometrical. Analytically, Moser-Trudinger-
Adams inequality gives the key estimate in [BCY92, CY95, DM08]. We find out
that that Moser-Trudinger-Adams inequality can be generalized under our new set-
ting. Geometrically, the study of stability condition and conic singularities plays
a central role in recent developments in Ka¨hler geometry[CDS14, CDS15, CDS13,
Tia96, Tia15]. It is our intention to find a suitable “stability” condition in conformal
geometry.
Finally, we describe our new results. For conic 4-manifold (M, g0, D, g1), we
study the existence of a metric gw ∈ [gD] such that the Q-curvature of gw is a
constant, which is equivalent to finding (weak) solutions in H2(dVD) =W
2,2(dVD)
of the equation:
(1.6) PgDw +QD = c · exp(4w).
In fact, H2(dVD) is equivalent to H
2(dV0) space of g0 and by Poincare´ inequality,
the H2(dV0) norm of w is given by
‖u‖2H2(dV0) =
ˆ
M
uPg0udV0 + ‖u‖2L2(dV0),
when conditions (a) and (b) are satisfied, see Section 2.
Our approach to study conic 4-manifolds comes from pioneering works on conic
surfaces by Troyanov and others. Historically, Troyanov [Tro89][Tro91] systemat-
ically studied the prescribed curvature problems on conic surfaces. In particular,
he [Tro91] classified conformal metrics on conic Riemann surfaces into three cate-
gories: subcritical, critical, and supercritical. He showed that in subcritical cases,
there is a unique constant Gaussian curvature metric. By a geometric construction,
Luo and Tian [LT92] proved that with more than 2 conic points the solution exists
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if and only if in subcritical case. Chen and Li [CL95]proved the same results by
classifying solutions of the corresponding PDE. Chen and Li also proved that in the
critical case, the only solutions are radial symmetric, like an American football. In
a recent work, the first named author and Lai described the limiting process when
a subcritical metric deforms continuously towards a critical one[FL16].
Motivated by Troyanov’s classification, we give the following definition.
Definition 1.1. Let D =
∑k
i=1 βipi and β1 = min{βi}. A conic 4-manifold
(M, g0, D, g1)
a) is called subcritical, if kg0 + 8π
2(
∑
i βi) < 8π
2(2 + 2β1);
b) is called critical, if kg0 + 8π
2(
∑
i βi) = 8π
2(2 + 2β1);
c) is called supercritical, if kg0 + 8π
2(
∑
i βi) > 8π
2(2 + 2β1).
Remark 1.2. For general even dimension n, similarly, we can define conic n-manifold
(Mn, g0, D, g1) with D =
∑k
i=1 βipi. Let β1 = min{βi}. Let Qg0 be the cor-
responding Q-curvature. Set kg0 =
´
M Qg0dVg. Then, one can define M to be
a subcritical conic manifold if kg0 + γn(
∑k
i=1 βi) < γn(2 + 2β1), a critical conic
manifold if kg0 + γn(
∑k
i=1 βi) = γn(2 + 2β1), or a supercritical conic manifold if
kg0 + γn(
∑k
i=1 βi) > γn(2 + 2β1), where γn =
(n−1)!|Sn|
2 .
In this paper, we primarily consider subcritical cases for general 4-manifolds and
critical cases on the sphere S4.
Our first result is the following:
Theorem 1.3. Let (M4, g0, D, gD) be a conic 4-manifold. Suppose that Pg0 is
nonnegative and its kernel contains only constant functions on (M4, g0). Let β1 =
min{βi}. Suppose kg0 + 8π2(
∑
i βi) < 8π
2(2 + 2β1). Then there is a confor-
mal metric gw ∈ [gD] represented by w ∈ Cτ (M) ∩ C∞(M − {pi}) for 0 < τ <
min{2, 4(1 + β1)} such that (M4, gw) has constant Q-curvature.
Remark 1.4. After the draft of this paper, it was brought to our attention that
Hyder-Lin-Wei [HLW20] have studied the solutions of the equation (1.9) on spheres.
See also Maalaoui [Maa16] for a different approach. Hyder-Lin-Wei [HLW20] give a
solvability condition which is equivalent to our subcritical condition on S4. Theorem
1.3 also covers non-flat cases. Hence, our results are more general geometrically.
Interestingly, we achieve the same solvability condition for standard 4-sphere via
different approaches. Inspired by [HLW20], we can apply the same techniques of
this paper to prove the existence of constant Q-curvature metrics in the subcritical
cases defined in Remark 1.2 with two assumptions a) Paneitz operator Pg ≥ 0 and
b) KerPg = {constants}. However, it seems difficult to check a) and b) except for
conformally flat manifolds.
We summarize our approach to prove Theorem 1.3. In the subcritical case, fol-
lowing [CY95] and [Tro91], we study the II functional defined in [BØ91]. For the II
functional of a conic 4-manifold, we obtain the coerciveness and hence the existence
of a minimizer. We use a conic version of Moser-Trudinger-Adams inequality, which
on Euclidean domains has been proved by Lam and Lu [LL11]. Following [BCY92]
and [CY95], we generalize this inequality to general conic manifolds.
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Following works of Troyanov, we also consider solutions of (1.6) with 2 singular
points on conic 4 spheres. By a stereographic projection and a conformal transfor-
mation, we consider the PDE on the punctured Euclidean space R4\{0},
(1.7) ∆2u = e4u,
where u has singularities at 0 and ∞. By our definition of conic singularities,
u behaves logarithmically at 0 and infinity. Note − 18π2 log |x − p| is the Green’s
function for bilaplacian on R4 at p ∈ R4. In order to emphasize singularities in
(1.7), we can equivalently write the following PDE on R4 :
∆2u = e4u + 8π2β0δ0,(1.8)
where δ0 is the Dirac measure at 0. We further require that as |x| → ∞,
u(x) ∼ −(2 + β1) log |x|,
to indicate the conic singularity at infinity. (1.8) is a special form of the following
∆2u(x) = e4u(x) + 8π2
k−1∑
i=1
βiδpi(x),(1.9)
u(x) ∼ −(2 + βk) log |x|, |x| → ∞,
where δpi is the Dirac measure at pi. Each solution of (1.9) represents a conic
constant Q-curvature metric on S4 with conformal divisor D =
∑k−1
i=1 piβi + βk∞,
where ∞ is the north pole on S4, due to the stereographic projection.
To study (1.7), we first discuss radial symmetric solutions. Using a cylindrical
coordinate, we reduce the PDE to a 4th order ODE.
(1.10) v′′′′(t)− 4v′′(t) = e4u,
where t ∈ R. We have the following:
Theorem 1.5. There is a family of solutions vα of (1.10), parametrized by α =
1+ β > 0 such that v′α(t) goes to ±α as t goes to ±∞. Differing by a constant and
a translation in t, these are the only solutions with linear growth at infinity.
We remark that in a paper [HMM19] by Hyder, Mancini and Martinazzi, the
existence of radial symmetric solutions for constant Q-curvature metric for Sn,
n ≥ 4 is established, which includes Theorem 1.5 as a special case. We thank a
referee for pointing this out. Our proof is independent and different in flavor.
Furthermore, we have the following uniqueness theorem:
Theorem 1.6. A constant Q-curvature 4-sphere with 2-singular points must be
a radial symmetric conic sphere. Both singularities have the same index. Under
a cylindical coordinate, the metric is given by one of the solutions described in
Theorem 1.5 up to a translation.
In the smooth case, the radial symmetry of solutions of (1.7) has been established
by Lin [Lin98] using the moving plane method. Lin investigates the asymptotic be-
havior of the solution u and proves that ∆u has an asymptotic harmonic expansion
at infinity. This expansion implies certain monotonicity of u and allows one to
initiate moving plane method near infinity. We should mention that Caffarelli, Gi-
das, and Spruck [CGS89] were first to investigate such expansions in order to apply
moving plane method to study the semi-linear elliptic equation −∆u = u n+2n−2 . Since
we allow singularities at the origin and at the infinity, we do not expect to have an
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exact expansion like those in Lin [Lin98]. However, by careful analysis, we establish
a similar asymptotic expansion near each singularity. It generalizes our regularity
theorem in Theorem 1.3. See details in Section 7.
We intend to investigate critical cases and supercritical cases further. We expect
some nonexistence results for constant Q-curvature metric in supercritical cases
and critical cases with more than 3 singular points. General supercritical cases are
more elusive since we have the existence result [DM08].
In a recent work [FW19], the first named author andWei derive a similar criterion
for the existence of constant σ2 curvature metrics on conic 4-manifolds. In partic-
ular, they establish the nonexistence result for supercritical cases and uniqueness
result for critical cases. Combined with [FW19], our results imply rich conformal
geometry of conic manifolds and indicate an interesting direction. In the future,
we would like to explore corresponding topics for more general types of singular
manifolds.
We organize the paper as follows. In Section 2, we discuss some function spaces
and embedding theorems with conical singularities. In Section 3, we derive a Gauss-
Bonnet-Chern formula resembling the one for Riemann surfaces. In Section 4,
a Moser-Trudinger-Adams type inequality for conic manifolds is established. In
Section 5, we give the proof of Theorem 1.3. In Section 6, we study the radial
symmetric solutions and prove Theorem 1.5. In Section 7, a detailed asymptotic
expansion of solutions near a conical singularity is given. In Section 8, we use the
asymptotic expansion from Section 7 to prove Theorem 1.6.
We would like to thank referees for pointing out some previous works [BN19]
and [HMM19], which were unknown to us. We would like to thank Alice Chang
and Paul Yang for their interest in this work. The second named author would
like to thank Mijia Lai for help and comments. Part of this work was done during
the second named author visiting Shanghai Jiaotong University. He would like to
thank the hospitality.
2. Function spaces
In this section, we discuss several function spaces in our study and list their
relations.
Let (M4, g0, D, gD) be a 4 dimensional conic manifold according to the definitions
similar to (1.3) and (1.4) where D =
∑k
i=1 βipi. Likewise, we assume that
gD = e
2γ(x)g0.
γ is given by:
(2.1) γ(x) =
∑
βi log(ri)ηi(x) + fi(x),
where fi(x) is smooth and ηi(x) is a smooth cutoff function near pi. Let g1 = gD
and dVi be the volume elements of gi for i = 0, 1 respectively. We can define
H2(dVi) norm of a function u in C
∞(M) by
‖u‖2H2(dVi) =
ˆ
M
|u|2dVi +
ˆ
M
|∇giu|2dVi +
ˆ
M
|∇2giu|2dVi,
for i = 0, 1. Let H2(dVi) be the closure of C
∞(M) under the H2(dVi) norm.
Although g1 is not smooth, the related L
p spaces have certain comparison theorem
and H2(dVi) are actually the same. This is in fact a crucial point in Troyanov’s
work[Tro91]. Besides, the Poincare´ inequality and compact embedding theorem
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for Sobolev space are still valid. The following results are similar to those given in
[Tro91] which concern surfaces.
Proposition 2.1. (Weighted Sobolev inequality) Let Ω be an open domain in R4
contains 0. Let β > −1. Then there is some constant C(Ω), independent of p such
that for any u ∈ C2c (Ω),(ˆ
Ω
|u|p · |x|4βdx
) 1
p
≤ C(Ω)p 12 · ||∆u||L2(Ω)
Proof. See the Appendix in [Tro91]. 
By partition of unity and Proposition 2.1, we have Sobolev’s embedding from
H2(dVi) spaces to L
p(dVi) spaces as a natural extension.
Proposition 2.2. (Sobolev’s embedding) There is a constant C such that for all
u ∈ H2(dVi) and p ∈ [1,∞), we have ‖u‖Lp(dVi) ≤ C
√
p‖u‖H2(dVi).
Proposition 2.3. (Lp comparison). Let α = min{βi + 1} and ω = max{βi + 1}.
If p > qα , then L
p(dV0) ⊂ Lq(dV1). If p > qω, then Lp(dV1) ⊂ Lq(dV0).
Proof. See [Tro91]. 
Proposition 2.4. H2(dV0) = H
2(dV1).
Proof. By Poincare´’s inequality, H2(dVi) norm is given by ‖u‖L2(dVi)+‖∆u‖L2(dVi).
We claim that ‖∆g0u‖L2(dV0) and ‖∆g1u‖L2(dV1) are equivalent. In fact, we have
that
e2γ(x)∆g1u(x) = ∆g0u(x) + 2∇g0u(x) · ∇g0γ(x).
Observe that, |∇g0γ(x)| ∼ βi|x − pi|−1 at a neighborhood of pi and smooth else-
where. By the well known Hardy’s inequality,
‖∇g0u(x) · ∇g0γ(x)‖L2(dV0) ≤ C‖∇2g0u‖L2(dV0).
Hence, ‖∆g1u‖L2(dV1) < C‖∆g0u‖L2(dV1). The other direction is the same.
We only have to show
(2.2) ‖u‖L2(dV0) ≤ C‖u‖H2(dV1) and ‖u‖L2(dV1) ≤ C‖u‖H2(dV0).
Let α = min{βi+1} and ω = max{βi+1}. By Proposition 2.3, we can choose p > 2ω
to get ‖u‖L2(dV0) ≤ ‖u‖Lp(dV1). Then we use Proposition 2.2 to get ‖u‖L2(dV0) ≤
C‖u‖H2(dV1). The second inequality in (2.2) can be proved by choosing p > 2α . 
Since we have established Proposition 2.4, from now on, we do not distinguish
H2(dVi) .
The following two propositions are quite standard. See [Tro89] for details.
Proposition 2.5. (compact embedding) The embedding H2(dVi) →֒ Lp(dVi) for
i = 0, 1 is compact for 1 < p <∞.
Proposition 2.6. ( Poincare´’s inequality) If
´
M
vdVi = 0, i = 0, 1 , then ‖v‖H2 ≤
C‖∆v‖2 for some constant C = C(M).
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3. Gauss-Bonnet-Chern formula
In this section, we establish the conformal Gauss-Bonnet-Chern formula (1.5),
which is originally proved in [BN19]. Our discussion follows the approach of
Troyanov[Tro91] and notations in previous sections.
On (M4, g), recall that the Gauss-Bonnet-Chern formulaˆ
M
Q(x)dVg(x) +
1
4
ˆ
M
|W (x)|2dVg(x) = 8π2χ(M).
In this section, we will describe the contribution of conical singularities to this
Gauss-Bonnet-Chern formula.
Let (M4, g0, D, gD) be a conic 4-manifold and g1 = gD. A good choice of base
metric g0 will simplify the discussion. Thus we use the conformal normal coordi-
nates by [LP87]. We can find a metric g ∈ [g0] such that around each given point
pi, the normal coordinates of g satisfy
(3.1) det(g(x)) = 1 +O(|x|N )
for any N ∈ N.
Lemma 3.1. Suppose that Bǫ(x) is a ball with radius ǫ centered at x ∈ M . Let
δ be the injective radius of x ∈ M Let h(x, y) = log(|x − y|)f(y) where f(y) is a
smooth function supported in Bδ(x) and equals 1 in Bǫ(x). Then
lim
ǫ→0
ˆ
M\Bǫ(x)
Py(h(x, y))dVg(y) = 8π
2 = 4|S3|,
where Py is the Paneitz operator with respect to y and |S3| is the volume of a unit
3-sphere.
Proof. Let (r, θi) be the normal coordinates at x. Let f ∈ C2(M−{x}). If f = f(r)
then
∆f(r) = f ′′ +
3
r
f ′ + f ′∂r log
√
det(g),
where f ′ denotes the derivative with respect to r. In particular, ∆ log r = 2r2 +
1
2r∂r log det(g). Suppose that Pu = ∆
2u + div(Agdu) where Ag =
2
3Rg − 2Ric.
Divergence theorem then givesˆ
M\Bǫ(x)
Py(h(x, y))dVg(y) = −
ˆ
∂Bǫ(x)
(
∂
∂r
∆ log r +O(r−2)
)
dΩg
=
ˆ
∂Bǫ
4
ǫ3
dΩg + o(1),(3.2)
since ∂r∆ log r = − 4r3 + O(rN−3) by our assumption (3.1). Take ǫ → 0 then the
right hand side of (3.2) approaches 8π2 since the unit sphere S3 has volume 2π2. 
Proposition 3.2. (Gauss-Bonnet-Chern) Suppose that g1 = e
2γg0 is the metric
with k singular points given by divisor D =
∑k
i=1 piβi , where pi ∈ M , βi > −1.
Suppose that γ(x) = βiηi log r + f(x) in a neighborhood of pi, r = dist(pi, x) and
f(x) ∈ H2(M) ∩ C∞(M − {pi}). Then we have the formula
ˆ
M
Qg1dVg1 =
ˆ
M
Qg0dVg0 + 8π
2
(
k∑
i=1
βi
)
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Proof. First, we assume that f is C∞(M). Observe thatˆ
M
Qg1dVg1 =
ˆ
M
e−4γ(Pg0γ +Qg0)dVg1
=
ˆ
M
(Pg0γ +Qg0) dVg0 .
We need to compute
´
M PgγdVg. Suppose that ǫ is a positive real number smaller
than the injective radius at each pi. Let Bi = Bǫ(pi) be the ball with radius ǫ at
pi. We consider the integral
´
M−∪Bi
Pg0γdVg0 . By divergence theorem, we see that
this integral is just
k∑
i=1
ˆ
∂Bi
(
∂
∂n
(∆g0γ) + 〈n,Ag0 (∇γ)〉
)
dΩg0 ,
where dΩg0 is the area element on the geodesic sphere. Note γ(x) = f(x) +
βiηi log(r) near pi. Thus, by Lemma 3.1, we see that
lim
ǫ→0
ˆ
M−∪Bǫ(pi)
Pg0γdVg0 =
k∑
i=1
8π2βi.
For more general f ∈ H2(M) ∩ C∞(M − {pi}), let φǫ be a smooth function such
that supp(1 − φǫ) ⊂ ∪ki=1B2ǫ(pi) and φǫ = 0 on Bǫ(pi). We can assume that
|Dkφǫ| < Cǫ−k for k = 1, 2, 3, 4. Now it suffices to prove
(3.3) lim
ǫ→0
ˆ
M
φǫPg0fdVg0 = 0.
Let Bǫ = ∪iBǫ(pi). Note that the highest order term of Pg0 can be estimated by
Ho¨lder′s inequality
|
ˆ
M
∆f∆φǫdVg0 | ≤ |
ˆ
B2ǫ
Cǫ−2∆fdVg0 |
≤ C|
ˆ
B2ǫ
ǫ−4dVg0 |
1
2
∣∣∣∣
ˆ
Bǫ
(∆f)2dVg0
∣∣∣∣
1
2
≤ C‖f‖H2(Bǫ) → 0 as ǫ→ 0.(3.4)
The lower order terms can be estimated byˆ
M
φǫdiv(Ag0df)dVg0 =
ˆ
M
Ag0(∇φǫ,∇f)dVg0 =
ˆ
B2ǫ
Ag0(∇φǫ,∇f)dVg0(3.5)
≤
ˆ
B2ǫ
||Ag0 ||∞ · |∇φǫ| · |∇f |dVg0
By Ho¨lder′s inequality, the lower order terms go to 0 as ǫ goes to 0. (3.4) and (3.5)
proves (3.3) which concludes the whole proof. 
For later use, we state the following corollary.
Corollary 3.3. Suppose that in a neighborhood of pi, γ(x) = βiηi log(r)+ f(x) for
some smooth f(x). Then Q1e
4γ ∈ Lp(dV0) for 1 < p < 2 and Q1 ∈ L2(dV1) .
Proof. Recall Pgv = ∆
2
gv+div(Agdv). As in the definition (1.3) in a neighborhood
of pi,
γ(x) = βi log(r) + f(x),
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for some smooth f(x). By calculation in Lemma 3.1, we see that,
(3.6) ∆2g0γ(x) = O(r
N−4).
Recall the leading term of Pg0 is ∆
2
g0 . Therefore, we obtain from (3.6) that
(3.7) |Pg0γ| ≤ Cr−2.
Thus, we conclude from (3.6) that
(3.8) Q1e
4γ = (Pg0γ +Q0) ∼ O(r−2),
which implies that Q1e
4γ ∈ Lp(dV0) for 1 < p < 2. Moreover, we write (3.8) as
Q1 ∼ O(r−2−4βi ), then
Q21e
4γ ∼ O(r−4−4βi ).
Since −4− 4βi > −4, we have Q1 ∈ L2(dV1). 
4. A Modified Moser-Trudinger-Adams Inequality
In this Section, we establish a conic Moser-Trudinger-Adams inequality.
A singular version of Moser-Trudinger-Adams inequality on bounded domains in
Euclidean spaces has been proved by Lam and Lu [LL11]. In this section, we first
give a quick proof based on a comparison principle of Talenti[Tal76] and a lemma
by Tarsi [Tar12]. Then we establish a corresponding inequality for general conic
4-manifolds.
We first introduce Talenti’s comparison principle. Let f be a measurable function
with support in a bounded domain Ω ⊂ Rn. Let λ(s) = m({x : |f(x)| > s}) and
f∗(t) = sup{s > 0 : λ(s) > t}. The spherical rearrangement f#(x) of f is defined
to be
u#(x) = u∗(ωn|x|n), x ∈ Ω#.
Here Ω# is a open ball in Rn with the same measure as Ω, ωn is the volume of a
unit n dimensional ball. Let
(4.1) bn,2 =
1
ωn
[
4π
n
2
Γ(n2 − 1)
] n
n−2
,
following [Ada88]. Note that ωn = π
n/2/Γ(n2 + 1). So we have bn,2 = [ω
2
n
n n(n −
2)]
n
n−2 .
Lemma 4.1 (Talenti’s principle). If u, v are solutions of the following equations,
{
∆u(x) = f(x) x ∈ Ω,
u(x) = 0 x ∈ ∂Ω,
{
∆v(x) = f#(x) x ∈ Ω#,
v(x) = 0 x ∈ ∂Ω#,(4.2)
then we have that
v ≥ u#.
We apply Talenti’s principle to a C2 function u with support in Ω. By definition,
u# is non-increasing. Therefore, if we fix b > 0 and −1 < β < 0, we haveˆ
Ω
ebu
n
n−2 |x|nβdx ≤
ˆ
Ω#
eb(u
#)
n
n−2 |x|nβdx+ C(Ω)
≤
ˆ
Ω#
ebv
n
n−2 |x|nβdx+ C(Ω),(4.3)
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where v comes from (4.2). Thus, in order to prove the modified Moser-Trudiger-
Adams inequality, we only have to consider spherical symmetric domains and func-
tions.
We then state a lemma of Tarsi [Tar12].
Lemma 4.2. [Tar12]. Let p > 1. For any r > 0 there is a constant C = C(p, r)
such that for any positive measurable function f(s) on (1,+∞), satisfyingˆ ∞
1
fps2p−1ds ≤ 1
then ˆ ∞
1
erF
q(t) dt
tr+1
≤ C
where 1p +
1
q = 1, and
F (t) =
ˆ t
1
ˆ ∞
τ
f(s)dsdτ.
We now prove the following Moser-Trudinger-Adams inequality in bounded Eu-
clidean domains, which first appears in [LL11].
Theorem 4.3. Suppose that Ω ⊂ Rn is a bounded domain and 0 ∈ Ω. Suppose
u ∈ C2c (Ω) and −1 < β < 0. There is a C = C(Ω) such that if ‖∆u‖n/2 ≤ 1 then
(4.4)
ˆ
Ω
exp(bn,2(1 + β)|u|
n
n−2 )|x|nβdx ≤ C.
The coefficient bn,2(1 + β) here is sharp in the sense that the inequality fails for
bigger constant. In particular, b4,2 = 32π
2.
Proof. By (4.3), we only have to consider radial functions. Suppose that v(x) is a
C2 radially decreasing function with support in ball BR . Let
(4.5) w(t) = n
2
nω
2
n
n (n− 2)2− 2n v(Rt−1/(n−2)).
We see that
(4.6)
ˆ
BR
exp(bn,2α|v| nn−2 )|x|nβdx = nωnR
nα
n− 2
ˆ ∞
1
exp
(
nα
n− 2 |w|
n
n−2
)
dt
t1+
nα
n−2
,
where α = β + 1 < 1. The condition
´
BR
|∆v|n/2dx ≤ 1 is equivalent toˆ ∞
1
|w′′(s)|n2 sn−1ds ≤ 1,
where w(t) =
´ t
1
´∞
z |w′′(s)|dsdz. Then, by Lemma 4.2,
(4.7)
ˆ ∞
1
exp(r|w| nn−2 (t)) dt
tr+1
≤ C0,
where C0 = C0(n, r). Set r =
nα
n−2 , then from (4.6) and (4.7), we get
(4.8)
ˆ
BR
exp(bn,2α|v|
n
n−2 )|x|nβdx ≤ C0.
Next, we prove the sharpness of the constant bn,2α. We consider the following
set:
B =
{
b : ∃C0,
ˆ
B1
eb|v|
n
n−2 |x|nβdx ≤ C0, ∀v ∈ C∞c (B1) and ‖∆v‖n/2 = 1
}
.
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Then, (4.8) implies bn,2α ∈ B. Let u be a positive function with support in the
unit ball B1 and equals 1 in Br with 0 < r < 1. Let b ∈ B, then
C0 ≥ rnα exp(b/‖∆u‖
n
n−2
n/2 ).
This leads to
(4.9) b ≤ αn lim
r→0
C2,n
2
(Br;B1)
2
n−2
(
log
1
r
)
,
where C2,n
2
(Br;B1) = inf ‖∆u‖
n
2
n
2
and the infimum is taken over all u ∈ C∞0 (B)
such that u = 1 on Br. By [Ada88], the right hand side of (4.9) is just bn,2α.
Therefore, bn,2α = supB. 
Our goal is to apply Theorem 4.3 to obtain estimates on conic 4-manifolds. In
the rest of this section, we work in dimension 4. Since Talenti’s principle is also
proved originally in the form of Newton potential[Tal76], from the same argument
in Theorem 4.3, the next corollary is easily followed:
Corollary 4.4. Suppose that Ω ⊂ R4 is a bounded domain, f ∈ Cc(Ω) and
‖f‖L2(Ω) ≤ 1. Let u be the Newton potential of f , i.e.
u =
ˆ
Ω
Γ(x − y)f(y)dy,
where Γ(x) = 14π2|x|2 . Then we have thatˆ
Ω
exp(32π2(1 + β)u2)|x|4βdx ≤ C.
Using the Green’s function of the Laplacian on a 4-manifold, Corollary 4.4 allows
us to obtain estimates in a neighborhood of a conic point. Following [BCY92], we
are able to prove the following global estimates:
Corollary 4.5. Suppose that (M, g0, D, gD) is a conic 4-manifolds with D =∑k
i=1 piβi and β1 = min{βi}. Let g1 = gD and dVi be the volume elements of
gi , i = 0, 1. Let u¯ =
ffl
M
udV1. Then for any u ∈ H2(dV1)
log
ˆ
M
exp(4|u− u¯|)dV1 ≤ C + 1
8π2(1 + β1)
‖∆u‖2,
where C = C(M) is a constant.
Proof. Since the Green’s function G(x, y) of ∆ exists on smooth manifold (M, g0),
we have
u(x)− u˜ =
ˆ
M
∆u(y)G(x, y)dV0(y),
where u˜ = 1V0(M)
´
M u(y)dV0(y). Note
(4.10) G(x, y) =
1
4π2
r−2g(r) +H(x, y)
for H a bounded function on M ×M , r = d(x, y) and g(r) a function with support
in Br with radius smaller than the injective radius of (M, g0). First, suppose that
f(y) = ∆u(y), ‖f‖2 ≤ 1.
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Let dV1 = ρ(x)dV0 = e
4γ(x)dV0 be the volume element for the singular metric.
Consider the following PDE on M
(4.11) ∆ψ(x) =
1
V1(M)
(
ρ(x)− V1(M)
V0(M)
)
.
(4.11) has a weak solution ψ(x) ∈W 2,p for 1 < p < − 1β1 . By the Sobolev embedding
theorem , ψ(x) ∈ L 4p4−2p (dV0) ⊂ L2(dV0). Let u¯ = 1V1
´
M u(y)dV1(y). Then we have
(4.12) u− u¯ =
ˆ
M
f(y)(G(x, y)− ψ(y))dV0(y).
By Ho¨lder′s inequality, we have
(4.13)
∣∣∣∣
ˆ
M
f(y)ψ(y)dV0
∣∣∣∣ ≤ ‖f‖2‖ψ‖2.
Combining (1.6), (4.13) and (4.10), we have
|u(x)− u¯| ≤
∣∣∣∣∣ 14π2
ˆ
Bδ(x)
f(y)r−2dV0(y)
∣∣∣∣∣+ C‖f‖2,
where δ is the injective radius and C = C(g1, g0) = ‖ψ‖2. Pick a normal coordinates
around x. The metric gij(y) = δij +O(|y|2). Then we see that∣∣∣∣∣ 14π2
ˆ
Bδ(x)
f(y)r−2dV0(y)
∣∣∣∣∣ =
∣∣∣∣∣ 14π2
ˆ
Bδ(x)
f(y)r−2(1 +O(r2))dy
∣∣∣∣∣(4.14)
≤
∣∣∣∣∣ 14π2
ˆ
Bδ(x)
f(y)|x− y|−2dy
∣∣∣∣∣+ C‖f‖2.
Note that we may assume that f has compact support in Bδ(x), because the integral
over the rest part of the manifolds can be controlled by the L2 norm of f . Let
u1(x) =
1
4π2
´
R4
f(y)|x− y|−2dy. Then
(4.15) |u − u¯| ≤ |u1|+ C‖∆u‖2.
Suppose that x = pi with index βi. By Corollary 4.4, we have
(4.16)
ˆ
Bδ(x)
exp(32π2αi(u1)
2)|z|4βidz ≤ c0,
where αi = (1+βi). If v is a non-constant function onM , by mean value inequality
and (4.16) we have
ˆ
Bδ(x)
exp (4|v(z)|) |z|4βidz ≤
ˆ
Bδ(x)
exp
(
32π2αiv
2
‖∆v‖22
+
1
8π2αi
‖∆v‖22
)
|z|4βidz
≤ c0 exp
(‖∆v‖22
8π2α
)
.(4.17)
Let α = 1 + β1 = min{1 + βi}. Combining (4.15) and (4.17), we obtain in Bδ;
(4.18)
ˆ
Bδ(x)
exp(4|u(z)− u¯|)ρ(z)dV0 ≤ C exp
(‖∆u‖2)
8π2α
)
.
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On M − ∪iBδ(pi), using partition of unity, we can assume that u(z)− u¯ vanishes
in Bδ/2(pi) . Then we can apply Adams’ inequality in the form of [BCY92] which
gives ˆ
M−∪Bδ/2(pi)
exp(4|u(z)− u¯|)ρ(z)dV0 ≤ c0 exp
(‖∆u‖2)
8π2
)
(4.19)
≤ c0 exp
(‖∆u‖2)
8π2α
)
.
Thus, we combine (4.16) and (4.19) to get :ˆ
M
exp(4|u(z)− u¯|)dV1 ≤ C exp
(‖∆u‖2)
8π2α
)
.
This concludes the proof. 
If the Paneitz operator P is nonnegative with Ker(P ) = {constants}, we may
define the pseudo differential operator
√
P and the Green’s function of
√
P has the
same leading term as −∆. See Lemma 1.6 in [CY95] for details. Then we can follow
the proof in Corollary 4.5 to derive a lower bound of II on conic manifolds:
Theorem 4.6. Suppose that (M, g0, D, gD) is a conic 4-manifolds with D =
∑k
i=1 piβi
and β1 = min{βi}. Let g1 = gD and dVi be the volume elements of gi , i = 0, 1.
Let u¯ =
ffl
M u(y)dV1(y). Let P be the Paneitz operator of g0 on M . Suppose that P
is nonnegative and Ker(P ) = {constants}. Then for any u ∈ H2(dV1)
log
ˆ
M
exp(4|u(x)− u¯|)dV1(x) ≤ C + 1
8π2(1 + β1)
ˆ
M
u(x)Pu(x)dV0(x),
where C = C(β1,M) is a constant.
5. Proof of Theorem 1.3
The equation of constant Q-curvature (1.2) is the Euler-Lagrange equation of the
II functional, which is studied in [BCY92] and [CY95] for smooth metrics. Recall
that
IIg(u) = 〈Pgu, u〉g + 2
ˆ
M
QudVg − kg
2
log
 
M
exp(4u)dVg,
where kg =
´
M QdVg and 〈Pgu, u〉g =
´
M uPgudVg. By a simple integration by part
trick, 〈Pgu, u〉g may be well defined for u ∈ H2(dVg). It is obvious that 〈Pgu, u〉g
is conformally invariant. From now on, we simply write 〈Pu, u〉 when no confusion
arises.
Let (M4, g0, D, gD) be a conic manifold with gD(x) = e
2γ(x)g0(x). Let g1 = gD
and dVi be the volume elements of gi, i = 0, 1. The key estimate of [BCY92, CY95]
is to employ Adams’ inequality [Ada88] to derive a low bound of the II functional.
By Adams’ inequality and its modified form[BCY92, CY95], if u ∈ H2(dV0) and
〈Pu, u〉 ≤ 1, we have that
(5.1)
ˆ
M
exp
(
32π2|u(x)− u˜|2) dV0(x) ≤ c0V0(M),
where the mean value u˜ =
ffl
M udV0. In conic 4-manifolds, we use the modified
Adams’ inequality 4.6 to obtain the estimate for II functional.
CONSTANT Q-CURVATURE METRICS ON CONIC 4-MANIFOLDS 15
Proof of Theorem 1.3. By Theorem 4.6
(5.2) log
(ˆ
M
exp(4|u− u¯|)dV1
)
≤ 1
8π2α
〈Pu, u〉+ C(α,M),
where α = (1 + β1) and u¯ =
ffl
M udV1. Mean value inequality implies:ˆ
M
Q1udV1 =
ˆ
M
Q1(u− u¯)dV1 + u¯kg1(5.3)
≤ 1
4ǫ
ˆ
M
Q21dV1 + ǫ
ˆ
M
(u− u¯)2 dV1 + u¯kg1 .
Here kg1 = kg0 + 8π
2
∑
i βi by Proposition 3.2. Notice that
(5.4) ‖u− u¯‖L2(dV1) ≤ ‖u− u¯‖H2 ≤ 〈Pu, u〉,
by Propositions 2.2 and 2.6. If u¯ = 0, then (5.2),(5.3) and (5.4) give us the desired
estimate:
〈Pu, u〉+ 2
ˆ
M
Q1udV1 − kg1
2
log
( 
M
exp(4u)dV1
)
≥
(
1− kg1
16π2α
− ǫ
)
〈Pu, u〉+ C(α, ǫ).(5.5)
We have used Lemma 3.3 for the integrability of Q21 in (5.5). If kg1 < 16π
2α , we
can always choose an ǫ small enough such that
kg1
16π2α + ǫ < 1. Then (5.5) shows
(5.6) II(u) ≥ C′〈Pu, u〉+ C ≥ C′′.
Let
Λ = inf{II(u) : u ∈ H2(dV1),
ˆ
M
udV1 = 0}.
Take a minimizing sequence of II, namely {ui}∞i=1 such that II(ui) → Λ as i → ∞
and
´
M uidV1 = 0 . By (5.6) we see that ‖∆ui‖22 is bounded. Hence, ui is bounded
in H2(dV1) by Poincare´
′s inequality Proposition 2.6. Replaced by a subsequence,
we may assume that ui converges weakly to some w in H
2(dV1) and strongly to
the same w in L2(dV0) by the compactness of the embedding, cf Proposition 2.5.
Then, we claim that w achieves the infimum.
Claim: II(w) = Λ.
Proof of the claim. Since ui converges to w weakly in H
2(dV1), we see that
〈Pw,w〉 ≤ lim inf〈Pui, ui〉
and ˆ
M
Q1wdV1 = lim
i→∞
ˆ
M
Q1uidV1.
In order to control the last term of II, we note that
| exp(4ui)− exp(4w)| = |
ˆ w
ui
4 exp(4s)ds|
≤ 4 exp(4|w|+ 4|ui|)|w − ui|,
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which leads toˆ
M
| exp(4ui)− exp(4w)|dV1 ≤ 4
ˆ
M
exp(4|w|+ 4|ui|)|w − ui|dV1(5.7)
≤ 4
(ˆ
M
exp(4|4w|)
) 1
4
(ˆ
M
exp(4|4ui|)
) 1
4
·
(ˆ
M
|w − ui|2
) 1
2
.
By Adams’ Inequality,
(´
M exp(4|4w|)
) 1
4 and
(´
M exp(4|4ui|)
) 1
4 are bounded. Then
(5.7) shows that
´
M
| exp(4ui)− exp(4w)|dV1 → 0 as i→∞. Hence
lim
i→∞
log(
 
M
exp(4ui)dV1) = log(
 
M
exp(4w)dV1).
Therefore, we have that II(w) ≤ lim inf II(ui) = Λ. By the definition of Λ , we have
II(w) = Λ. 

We have established the existence of a minimizer w of the functional II. w
satisfies the corresponding Euler-Lagrange equation:
(5.8) Pg1w +Q1 =
kg1e
4w
2
ffl
M e
4wdV1
.
Note that (5.8) is equivalent to Qw = c where Qw is the Q-curvature of metric
gw = e
2wg1. Therefore, w is a weak solution of
(5.9) Pg1w +Q1 = c · e4w.
We next prove the regularity of the solution in 5.9. Suppose we have a H2
solution w of Pg1w + Q1 = c · e4w. By a renormalization of the volume, we may
assume that c = ±1 or 0. We assume that c = 1 and w is a weak solution of
Pg1w+Q1 = e
4w. The proofs for other cases are similar. Thus, for any v ∈ H2(dV1),
w satisfies:
0 =
ˆ
M
vPg1wdV1 +
ˆ
M
(Q1 − e4w)vdV1
=
ˆ
M
vPg0wρdV0 +
ˆ
M
(Q1 − e4w)vρdV0,
where ρ(x) = dV1dV0 = e
4γ(x). Thus, w is a weak solution of
(5.10) Pg0w = e
4wρ−Q1ρ
in H2(dV0). Let
h(x) = e4w(x)ρ(x)−Q1(x)ρ(x) − div(Ag0dw).
By Corollary 3.3, Q1ρ ∈ Lp(dV0) for 1 < p < 2, ρ ∈ Lq1(dV0) for 1 < q1 < 11−α
and by Adams’ inequality, e4w ∈ Lp(dV0) for any p > 1. This implies that e4wρ ∈
Lq1(dV0) for 1 < q1 <
1
1−α . Thus h ∈ Lq(dV0) for some 1 < q < min{2, 11−α}. Let
z(x) = ∆w. Then ∆z = h(x) in weak sense, i.e.ˆ
M
z∆vdV0 =
ˆ
M
hvdV0,
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for any v(x) ∈ H2(dV0). Now let Γ(x, y) be the Green’s function for ∆. Let
H(x) =
ˆ
M
h(y)Γ(x, y)dV0.
The regularity theory of elliptic equations [GT98] shows that H(x) ∈ W 2,q(dV0)
and ∆H(x) = h(x) a.e.. Therefore,
z(x) = H(x) + z¯ a.e.,
where z¯ =
´
M zdV0. We apply the regularity theory of elliptic equations again to
obtain w ∈ W 4,q(dV0) . Since W 4,q(dV0) is the regular Sobolev space and 4q > 4,
so we embed the solution w into Ho¨lder spaces by Morrey’s embeeding theorem:
(5.11) w ∈ Cτ , τ < min{2, 4(1 + β)}.
For any x0 ∈ M and x0 6= pi, i = 1, 2, ..., k, there exists a small neighborhood
B2ǫ(x0) of x0 such that pi 6∈ B2ǫ(x0). By [CY95],[Mal06], the Green’s function
G(x, y) of Pg0 with respect to g0 exists and is smooth onM ×M\{(x, x)}. Further-
more, G(x, y) and its derivatives have the following asymptotic properties[Mal06]:
|G(x, y)− 1
8π2
log
1
|x− y| | ≤ C, x 6= y,(5.12)
|∇iG(x, y)| ≤ Ci 1|x− y|i , i = 1, 2, 3.
Here C,Ci, i = 1, 2, 3 are some constants depend on (M, g0). The Green’s function
of Pg0 gives the representation of w,
w(x) − w¯ =
ˆ
M
G(x, y)Pg0w(y)dV0(y).
Let f(x) = e4w(x)ρ(x) − Q1(x)ρ(x). f(x) is clearly integrable and bounded in
Bǫ(x0), which implies that w(x) ∈ C3(Bǫ(x0)). Since h(x) ∈ C1(M\{pi}), we can
apply the regularity theory to ∆z(x) = h(x) to show that z(x) ∈ C2,τloc (M\{pi}),
which implies w ∈ C4,τloc (M\{pi}). The standard bootstrapping technique then
yields w ∈ C∞(M\{pi}).
Remark 5.1. From the regularity argument, we can see the number 2 in (5.11)
is introduced by the L2−ǫ integrability of Q1ρ. This term disappears when the
original metric is conformally flat. In other words, the solution is in Cτ (M) for any
τ < 4(1 + β1) if the metric is conformally flat.
6. Radial Symmetric Solutions
In this section, we consider radial symmetric solutions on conic 4 spheres with
standard background metric. Let xS , xN be the two antipodes on S
4 and D =
β0xS + β1xN . Let η : R
4 → S4 be the inverse of the stereographic projection from
north pole. Then
η∗(g0) = e
2z(x) ds2
where g0 is the standard metric on sphere, ds
2 is the Euclidean metric, and
z(x) = log
2
|x|2 + 1 .
Note η−1 maps xN to infinity and xS to 0. Let T = S
3×R be a cylinder. Suppose
G : S3 × R→ R4, G(w, t) = etw.
CONSTANT Q-CURVATURE METRICS ON CONIC 4-MANIFOLDS 18
The composition map η ◦ G : T → S4 gives the standard cylindrical coordinate.
The Paneitz operator with product metric gT is the following:
PT = (∂
2
t +∆S3)
2 − 4∂2t .
A radial symmetric function on R4 depends only on t. The constant Q-curvature
equation is
(6.1) v′′′′(t)− 4v′′(t) = c · e4v.
We only consider the positive Q-curvature since kg = 8π
2(2 + β0 + β1) > 0. By
adding a constant, we may normalize (6.1) to the following
(6.2) v′′′′(t)− 4v′′(t) = e4v(t).
If a symmetric conic metric has D = β0xS + β1xN , the corresponding v(t) must
have linear growth at ±∞. Thus, we have the following boundary conditions at
±∞:
(6.3) lim
t→−∞
v′(t) = 1 + β0, lim
t→+∞
v′(t) = −β1 − 1.
We classify all solutions of (6.2) satisfying (6.3).
Define x1(t) = v
′(t), x2(t) = x
′
1(t), x3(t) = x
′
2(t) − 4x1(t) and x4(t) = x′3(t).
From (6.2), we get the following system
(6.4)


x′1 = x2
x′2 = 4x1 +x3
x′3 = x4
x′4 = 4x1x4
Note that the positivity of Q-curvature implies that x4 > 0 for all t. The corre-
sponding solution for standard 4-sphere (differing by a renormalization) in (6.2) is
given by
(6.5) v(t) = − log cosh t+ 1
4
log 6.
It corresponds to X(t) = (x1, x2, x3, x4)
T with
(6.6) X(t) = (− tanh t,−sech2t, 2 tanh t (sech2t+ 2) , 6sech4t)T .
First, we establish the first integral of (6.4).
Proposition 6.1. We have the following first integral
2x22 − 8x21 − 4x1x3 + x4 = c,(6.7)
or equivalently,
(6.8) 2x22 +
1
2
x23 −
1
2
(x′2)
2 + x4 = c.
where c is a constant.
Proof. Two formulae are equivalent. Multiply v′(t) on both sides of (6.2) and
integrate by parts, we get (6.7). To get (6.8), simply apply 4x1(t) = x
′
2(t) − x3(t)
to (6.7). 
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Remark 6.2. It is clear that all fixed points of (6.4) lie on a line (a, 0,−4a, 0) for
a ∈ R. The first integral (6.7) hence indicates that if (6.4) has a bounded solution
then
lim
t→∞
|x1(t)|2 = lim
t→−∞
|x1(t)|2 = a2.
In other words, β0 = β1 = |a| − 1 is a necessary condition for the existence of a
solution for (6.2) with (6.3). This is also a special case of the general Pohazaev
idenity.
Since (6.4) is invariant under the transformation t → t + c, we need to fix the
gauge. First, we consider a special case with the following initial data:
(6.9) x1(0) = x3(0) = 0, x2(0) = p, x4(0) = q.
Here p < 0 and q > 0. Such solution is symmetric with respect to t = 0, i.e. x1(t)
and x3(t) are odd functions while x2(t) and x4(t) are even functions. The constant
c in (6.7) and (6.8) is given by c = 2p2 + q. Note that the standard solution of
4-sphere in (6.5) has p = −1 and q = 6.
For a fix p < 0, we define
Q = {q > 0 : ∀t > 0, x2(t) < 0 with x2(0) = p, x4(0) = q}.
We show that q = supQ will give the precise initial data in (6.9) so that the
corresponding solution is desired. We first state some lemmas to show that Q is
connected, nonempty, and bounded from above.
Lemma 6.3. (Monotonicity Lemma) If xi(t) and yi(t) are two solutions for the
system (6.4) and xi(0) ≥ yi(0),i = 1, 2, 3, 4, then xi(t) ≥ yi(t) for all t > 0. The
equality holds if and only if xi(0) = yi(0),i = 1, 2, 3, 4.
Proof. When xi(0) = yi(0), i = 1, 2, 3, 4, then obviously xi(t) ≡ yi(t) for all t.
Suppose that xj(0) > yj(0), for some j ∈ {1, 2, 3, 4}. Then by continuity, there
exits a ǫ > 0 such that xi(t) > yi(t) for t ∈ (0, ǫ), 1 ≤ i ≤ j. In particular,
x1(t) > y1(t) and
(log x4(t))
′ − (log y4(t))′ = 4 (x1(t)− y1(t)) > 0,
for t ∈ (0, ǫ). Therefore, x4(t) > y4(t) on (0, ǫ) and xi(t) > yi(t) on (0, ǫ), for
i = 1, 2, 3, 4. Let
J = {t > 0 : xi(t) > yi(t)}, t0 = inf{t > 0 : t 6∈ J}.
If t0 <∞, xi(t0) > yi(t0) for i = 1, 2, 3 and x4(t0) = y4(t0). However,
(log x4)
′(t0)− (log y4)′(t0) = 4(x1(t0)− y1(t0)) > 0.
It is impossible because of the definition of J . This implies that J = (0,∞). 
The next lemma shows that Q is not empty.
Lemma 6.4. If 4p+ q ≤ 0, then x2 < 0 and x2(t)→ −∞ as t→∞.
Proof. If 4p + q < 0, then x2(0) = − q4 < 0, x′2(0) = 0, and x′′2 (0) = 4p + q < 0.
Hence x2(t) < 0 and x
′
2(t) < 0 for t ∈ (0, ǫ). Clearly, by (6.4),
x′′′2 (t) = 4x
′
2(t) + x
′
4(t),
x′′′2 (t) is negative if x
′
2(t) < 0. Therefore x
′
2(t)→ −∞ and x2(t)→ −∞ as t→∞.
If 4p + q = 0, then we have x
(4)
2 (0) = x
′′
4(0) = 4pq < 0. Thus, x
′
2(t) < 0 for
t ∈ (0, ǫ). We then follow the above argument to get the same result. 
CONSTANT Q-CURVATURE METRICS ON CONIC 4-MANIFOLDS 20
Then we prove the boundedness of Q by a comparison argument.
Lemma 6.5. For each p < 0 , there is some q > 0 such that ∃T > 0, x2(t) > 0 for
t > T .
Proof. We argue by contradiction. Suppose that on the contrary, for any q > 0 ,
x2(t) < 0 for all t > 0. Then, x1(t) < 0 , x
′
4(t) < 0, for t ∈ (0,+∞) and
x′′4 (t) = 4(x2(t) + 4x
2
1(t))x4(t) ≥ 4x2(t)x4(t).
By (6.4) we may assume that 4p+ q > 0. Thus x′2(t) > 0 for t ∈ (0, ǫ) where ǫ is
small. Let T > 0 be maximal such that x′2(t) ≥ 0 for t ∈ [0, T ) . Then, x4(t) ≤ q
and x2(t) ≥ p for t ∈ [0, T ). Hence, we obtain direct estimates:
x′′4 (t) ≥ 4x2(t)x4(t) ≥ 4pq,
x′4(t) ≥ 4pqt,
x4(t) ≥ q + 2pqt2.
Since
x′′2 (t) = 4x2 + x4 ≥ 4p+ q + 2pqt2,
we have
(6.10) x′2(t) ≥ (4p+ q)t+
2
3
pqt3.
(6.10) holds for all t ∈ (0, T ] especially for t = T . By (6.10), we see that
T ≥
√
4p+ q
− 23pq
=
√
4 pq + 1
− 23p
.
Another consequence of (6.10) is
x2(t) ≥ p+ t
2
2
(4p+ q) +
1
6
pqt4.
Let t1 < t2 be two positive roots of p +
t2
2 (4p + q) +
1
6pqt
4. If there exists t < T
such that
t21 =
−
√
(4p+ q)2 − 8p2q3 + (4p+ q)
− 23pq
< t2 <
√
(4p+ q)2 − 8p2q3 + (4p+ q)
− 23pq
= t22,
then x2(t) > 0, which contradicts with our assumption. Thus, it is sufficient to
show the interval (t1, t2) ∩ (0, T ) 6= ∅ for large q. Let z = pq . We see that
t21 =
−
√
(4z + 1)
2 − 8pz3 + (4z + 1)
− 23p
→ 0, as q →∞,
√
4p+ q
− 23pq
=
√
4z + 1
− 23p
→
√
− 3
2p
> 0, as q →∞.
Hence, for large q,
t1 <
√
4p+ q
− 23pq
≤ min{T, t2}.
We have thus finished the proof. 
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Finally, we prove that there are bounded solutions of (6.4), which establishes the
existence part of Theorem 1.5.
Theorem 6.6. For any fixed p < 0, there is a unique q > 0 such that 4p+q > 0 and
the solution of system (6.4) is bounded for all t with initial data x1(0) = x3(0) = 0,
x2(0) = p and x4(0) = q.
Proof. Let
Q = {q > 0 : ∀t > 0, x2(t) < 0 with x2(0) = p, x4(0) = q}.
By Lemma 6.4, if 4p + q ≤ 0, q ∈ Q 6= ∅. By monotonicity lemma 6.3, Q is a
connected set and by Lemma 6.5, q0 = sup{q ∈ Q} < ∞. We claim that q0 is
a choice such that the corresponding solution of (6.4) is bounded. Let {yi(t), i =
1, 2, 3, 4} be a solution of (6.4) with initial value:
(y1, y2, y3, y4)(0) = (0, p, 0, q0).
We claim that y2(t)→ 0 as t→∞. We prove this claim by excluding several cases.
Case 1. ∃t0 > 0 such that y2(t) < 0 for 0 ≤ t < t0, y2(t0) = 0, and y′2(t0) > 0.
Then, there is t1 > t0 such that y2(t1) > 0. Because our solutions are continuously
dependent on the initial values, there is a q′ < q0 such that a solution z(t) with
zi(0) = yi(0), i = 1, 2, 3, z4(0) = q
′ and |z2(t1) − y2(t1)| < y2(t1)/2. Then z(t1) >
y2(t1)
2 > 0 which contradicts the definition of q0.
Case 2. ∃t0 > 0 such that y2(t) < 0 for 0 ≤ t < t0, y2(t0) = 0, and y′2(t0) = 0.
This can be ruled out since
y′′2 (t0) = 4y2(t0) + y4(t0) > 0,
and y2(t0) is a local minimum, which contradicts the assumption of t0.
We conclude from the Case 1 and 2 that y2(t) < 0 for all t > 0. Hence, y1(t) < 0
for all t > 0.
Case 3. lim inf
t→+∞
y2(t) = −∞.
Pick an increasing sequence {tk} such that tk → ∞ and y2(tk) → −∞ as k →
+∞. For each k, we assume further that y2(t) < −εk for some εk on (0, tk). By the
definition of q0, there is a sequence {qi} such that qi > q0 and qi → q0, and there
is a sequence of solutions {xi(t)}∞i=1 with initial value (0, p, 0, qi) such that
||xij(t)− yj(t)||∞ → 0, j = 1, 2, 3, 4,
as i → ∞ in any compact subset of R. For t ∈ (0, tk], pick ik such that ||xikj (t) −
yj(t)||∞ < εk. However, since qik > q0, there is t∗ik such that xik2 (t∗ik) = 0. By mean
value theorem, there is a τik > 0 such that (x
ik
2 )
′(τik) = 0 and x
ik
2 (τik ) ≤ y2(tk).
By (6.8),
(y2(tk))
2 ≤ 2(xik2 )2 −
1
2
((xik2 )
′)2 +
1
2
(xik3 )
2 + xik4(6.11)
= 2p2 + qik < 2p
2 + 2q0.
This contradicts with our assumption of Case 3.
Case 4. lim
t→+∞
y2(t) = −c < 0.
In this case, y1(t) < − c2 t+ b for some constant b. By (6.4),
y′4(t) < (b−
c
2
t)y4,
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and
y4(t) ≤ C exp(bt− c
4
t2).
Therefore, y3(t) =
´ t
0
y4(s)ds + y3(0) is bounded. Since y
′
2(t) = 4y1 + y3 , we see
y′2(t) < − c2 t + b1 for some constant b1, which implies that y2 is not bounded and
cannot have negative limit. We have reached a contradiction with the assumption
of Case 4.
Case 5. lim inf
t→+∞
y2(t) = −c < 0 while lim sup
t→+∞
y2(t) > −c.
We pick a sequence tn → +∞ such that y2(tn)→ −c , y′2(tn) = 0,
y′′2 (tn) = 4y2(tn) + y4(tn) ≥ 0,
which means limn→∞ y4(tn) ≥ 4c. But by (6.4),
y′4(t) = 4y4(t)y1(t) < 0
implies that y4 is monotone and y4(t) ≥ 4c for t → ∞. However, by (6.4), y3(t) is
then unbounded. By evaluating (6.7) at tn, a contradiction is reached.
We summarize our discussion above. By ruling out cases 1 to 5, we have proved
that y2(t)→ 0 as t→ +∞.
We now prove that y(t) is a bounded solution of (6.4). We split the proof into
two cases.
Case 1, suppose that y2(t) oscillates as t → +∞, i.e. there exist tk → ∞ as
k →∞ such that y′2(tk) = 0.
Since y3 is monotone, (6.8) implies that y3 is bounded. Furthermore, by (6.8),
y′2(t) is bounded. Then, y
′
2(t) = 4y1(t)+y3(t) implies that y1(t) is bounded. Hence,
we have proved the theorem for this case.
Case 2, if y2 is increasing for big t, i.e. y
′
2 > 0 for t > t
∗ ≫ 0.
By (6.4), we have
d
dt
(
1
2
(y′2(t))
2 − 2y22(t)
)
> 0, t > t∗.
Thus, for t∗ < t1 < t2.
(6.12)
1
2
(y′2(t2))
2 − 2y22(t2) >
1
2
(y′2(t1))
2 − 2y22(t1),
We claim 12 (y
′
2(t1))
2 − 2y22(t1) ≤ 0 for t1 > t∗. If not, then for any t1 > t∗,
(6.13)
1
2
(y′2(t1))
2 − 2y22(t1) > c > 0.
Since y2(t)→ 0, we may choose t2 > t1 such that |y2(t)| < c2 . Then, by (6.12) and
(6.13), we have 12 (y
′
2(t2))
2 > c2 . This shows that y2 is at least linearly increasing,
which contradicts with the fact that y2 → 0. Hence, we have proved that
(6.14)
1
2
(y′2(t1))
2 − 2y22(t1) ≤ 0,
for t1 > t
∗. (6.14) shows that y′2 and y3(t) are bounded. We use y
′
2(t) = 4y1(t) +
y3(t) in (6.4) to show that y1(t) is also bounded. This finishes the proof of case 2.
We have thus proved Theorem 6.6. 
We now discuss the uniqueness part in Theorem 1.5.
Theorem 6.7. Fix a constant in the right hand side of the first integral (6.7), the
bounded solution to the system (6.4) is unique up to a translation(dilation) in t.
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Proof. By a translation, we may assume that x1(0) = 0. Suppose the initial data
is given by
(x1, x2, x3, x4)(0) = (0, a, b, c),
where c > 0 and the corresponding solution zi(t). Then (−1)izi(−t) with initial
value (0, a,−b, c) is also a solution of (6.4). Without loss of generality, we may
assume b > 0 and 2a2+ c = 2p2+ q. Suppose yi(t) is a bounded solution such that
(y1, y2, y3, y4)(0) = (0, p, 0, q).
If p ≤ a < 0 then q ≤ c. By Lemma 6.3,zi(t) > yi(t) for t > 0. Hence
(6.15) z2(t)− y2(t) > 0, (z2(t)− y2(t))′ > 0
Furthermore, since the inequalities in (6.15) are strict, by Lemma 6.3, if y2 is
bounded, then z1(t) → ∞. Thus, z(t) can not be a bounded solution of (6.4). If
p > a then q > c, let z¯i(t) = (−1)izi(−t). Then still z¯i(t) < yi(t) for t > 0 . By the
same argument, z¯1(t)→ −∞ as t→∞. Hence, z(t) can not be a bounded solution
either. Thus, we have proved the theorem. 
7. Asymptotic Behavior
In this section, we establish a local asymptotic expansion for solutions of (1.7)
in R4. Let Pm be the space of homogeneous polynomials with degree m. The
eigenvalues and eigenfunctions of Laplacian ∆ on R4 are described as follows.
Lemma 7.1. (e.g. [LP87]) Suppose that x ∈ R4 r = |x|. The eigenvalues of r2∆
on Pm are
{λj = 2j(2 + 2m− 2j) : j = 0, 1..., [m/2]}.
The eigenfunctions corresponding to λj are the functions of the form r
2ju, where
u ∈ Pm−2j is harmonic.
The above lemma indicates that if a is not an eigenvalue, (r2∆−a) is invertible.
The next lemma shows that with the presence of a singular weight, we may still
solve the double Laplace equation in Pm.
Lemma 7.2. Let β ∈ R, −1 < β < 0 .
1. β 6= −1/2. For any polynomial f(x), there is a polynomial q(x) such that
∆2(q(x)r4β+4) = f(x)r4β .
More generally, there is a collection of polynomials {ql}kl=0 such that
(7.1) ∆2(
k∑
l=0
ql(x)r
4β+4(log r)l) = f(x)r4β(log r)k.
2. β = −1/2. For any polynomial f with degree ≤ 2 with f(x) =∑ aijxixj +∑
bixi + c, there exists a function
(7.2) q(x) = a0r
2 + a˜ijxixj log r + b˜ixi log r + c˜ log r,
such that ∆2(q(x)r2) = f(x)r−2. In particular, a0 vanishes if a˜ii = 0,
i = 1, 2, 3, 4, and a˜ij = 0 if deg f < 2. There exist polynomials ql such that
(7.3) ∆2
(
r2
k+1∑
l=0
ql(x)(log r)
l
)
= f(x)r−2(log r)k.
Proof. See the appendix. 
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Suppose that u is a desired weak solution of (1.7). We consider
∆2u(x) = e4u(x), x ∈ B1(0).
Then by the regularity theory in the proof of Theorem 1.3, u−β log r ∈ C∞(B1(0)−
{0}) ∩ C4β+4−ǫ(B1(0)) for any ǫ > 0. Here β = β0. Let w = u(x)− β log r. Then
(7.4) ∆2w(x) = e4w(x)|x|4β .
Theorem 7.3. Suppose that w is a solution of (7.4) in B1 and w ∈ C∞(B1(0) −
{0}) ∩ C4+4β−ǫ(B1(0)), ∀ǫ > 0. If
Case 1: −k+1k+2 < β < − kk+1 , for some k = 0, 1, 2, · · · , then
w =
k+1∑
l=1
ql(x)r
4l(β+1) + ψ(x),
where ψ(x) ∈ C4,γ and ql are polynomials.
Case 2: β = − 2k2k+1 , for some k = 0, 1, 2, · · · , then
w =
2k+2∑
l=1
ql(x)r
4l(β+1) + ψ(x),
where ψ(x) ∈ C4,γ and ql are polynomials.
Case 3: β = − 2k−12k , for some k = 0, 1, 2, · · · , then
w =
2k∑
l=1
ql(x)r
4l(β+1)Pl(log r) + ψ(x).
where ψ(x) ∈ C4,γ , ql and Pl are polynomials.
We break the proof into 3 cases according to the value of β.
Proof of Case 1, −k+1k+2 < β < − kk+1 . Since w ∈ C4β+4−ǫ, there exists a polynomial
g0 with degree not exceeding 3 such that w¯ := w − g0 = o(r4β+4−ǫ). Furthermore,
(7.5) ∆2w¯ = e4g0(e4w¯ − 1)r4β + e4g0r4β .
Since e4g0 is smooth, we find a polynomial φ0(x) such that
(7.6) (φ0(x)− e4g0(x))r4β = O(rγ),
where γ > 0. In fact, since β 6= − 12 , we pick γ = 4β + 4. By Lemma 7.2, there is a
polynomial q0(x) such that
(7.7) ∆2(q0(x)r
4β+4) = φ0(x)r
4β .
Then, from (7.5) ,(7.6) and (7.7), we have
∆2(w¯ − q0(x)r4β+4) = e4g0(e4w¯ − 1)r4β +
(
e4g0 − φ0
)
r4β(7.8)
= o(r8β+4−ǫ) +O(rγ ).
If β > − 12 , then the right hand side of (7.8) is Ho¨lder continuous and by the elliptic
regularity theory, we have finished the proof.
If β < − 12 , let w1 = w¯ − q0(x)r4β+4. Then
(7.9) ∆2w1 ∈ Lp, 1 < p < − 4
4 + 8β
.
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By the elliptic regularity theory, w1 ∈ W 4,p →֒ C8β+8−ǫ. Then we start the itera-
tion procedure. At each step m ≤ j ≤ k, suppose that there are functions wm, w¯m,
sm, Qm, gm, Rm, ξm, φ
l
m(x) such that:
i). wm ∈ C4(m+1)(β+1)−ǫ admits the following expansion
wm = w¯m−1 −
k∑
l=0
qlm−1r
4(l+1)(β+1)
= w¯m−1 −Qm−1(x),(7.10)
where Qm−1(x) =
∑k
l=0 q
l
m−1r
4(l+1)(β+1) and sm = sm−1+Qm−1 , s0 = 0.
ii). gm are polynomials with deg(gm) ≤ 3, such that
w¯m := wm − gm = o(r4(m+1)(β+1)−ǫ).
iii). w¯m satisfies:
∆2w¯m = e
4sm−1(e4(w¯m+gm+
∑k
l=0 q
l
m−1r
4(l+1)(β+1)) − 1)r4β + ξm(x)
(7.11)
= e4sm(e4w¯m − 1)r4β + e4sm−1 [e4(gm+
∑k
l=0 q
l
m−1r
4(l+1)(β+1)) − 1]e4β + ξm(x)
= o(r4[(m+2)β+m+1]−ǫ) +Rm(x) + ξm(x).(7.12)
where
Rm(x) = e
4sm−1 [e4(gm+
∑k
l=0 q
l
m−1r
4(l+1)(β+1)) − 1]e4β,(7.13)
and ξm(x) is a Ho¨lder continuous functions. We observe that Rm(x) can
be expanded as
(7.14) Rm(x) =
k∑
l=0
φlm(x)r
4[(l+1)β+l] +O(r4[(k+2)β+k+1]),
where φlm(x) are polynomials.
At step j ≤ k, by Lemma 7.2, for each l, there exist a polynomial qlj(x) such that
∆2(qlj(x)r
4(l+1)(β+1)) = φlj(x)r
4[(l+1)β+l].
Let Qj(x) =
∑
l q
l
jr
4(l+1)(β+1) and wj+1 = w¯j(x) − Qj(x). Then by (7.11) and
(7.14)
∆2wj+1 = o(r
4[(j+2)β+j+1]−ǫ) +Rj(x) −
k∑
l=0
φljr
4[(l+1)β+l] + ξj(7.15)
= o(r4[(j+2)β+j+1]−ǫ) +O(r4[(k+2)β+k+1]) + ξj
= o(r4[(j+2)β+j+1]−ǫ) + ξj+1,
where ξj+1(x) is a Ho¨lder continuous function. Let sj+1 = sj +Qj . If j < k, the
right hand side of (7.15) is in Lp for 1 < p < − 1(j+2)β+j+1 . Thus wj+1 ∈ W 4,p by
the elliptic regularity theory and hence wj+1 ∈ C4(j+2)(β+1)−ǫ. Therefore, there
exists a corresponding gj+1 such that
w¯j+1 := wj+1 − gj+1 = o(r4(j+2)(β+1)−ǫ).
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Note gj+1 has degree less than or equal to 3. Then, by (7.11),
∆2w¯j+1 = ∆
2wj+1 = ∆
2(w¯j −Qj)
(7.16)
= e4sj (e4w¯j − 1)r4β + e4sj−1 (e4(gj+Qj−1) − 1)r4β + ξj(x) −
k∑
l=0
φlj(x)r
4[(l+1)β+l]
= e4sj (e4w¯j − 1)r4β +
(
Rj −
k∑
l=0
φlj(x)r
4[(l+1)β+l]
)
r4β + ξj
= e4sj+1(e4w¯j+1 − 1)r4β + e4sj (e4(gj+1+Qj) − 1)r4β +O(r4[(k+2)β+k+1]) + ξj
= e4sj+1(e4w¯j+1 − 1)r4β +Rj+1 + ξj+1
= o(r4[(j+3)β+j+2]−ǫ) +Rj+1 + ξj+1.
By expanding w¯j+1 as in (7.16), Rj+1(x) is in the form of (7.13). If j < k, then we
apply the above argument again form = j+1. We iterate until j = k when the right
hand side of (7.15) is Ho¨lder continuous. Thus, by the elliptic regularity theory,
wk+1 ∈ C4,γ for some γ > 0. This clearly gives the asymptotic expansion. 
Proof of Case 2, β = 12k+1 − 1. This case is similar to Case 1 with minor changes.
We assume that k ≥ 1. The beginning steps are the same as in the first case. We
use iteration. In this case, we assume that w1 ∈ C8β+8. If β = 12k−1, the remaining
term like (7.12) has the following form
R1(x) = φ0r
4β + φ1r
8β+4 + · · ·+ φ2k−1r8kβ+8k−4 + φ2k +O(rγ)
where φl are polynomials.
4(l+ 1)(β + 1)− 4 6= −2, l = 0, 1, · · · , 2k.
So by Lemma 7.2, there exist polynomials ql1(x) and Q1(x) =
∑
l q
l
1(x)r
4(l+1)(β+1)
such that
∆2Q1(x) =
2k∑
l=0
φl(x)r
4(l+1)β+4l.
The iteration procedures are almost the same as in Case 1. Note, however, at the
final step, when j = 2k − 1. By (7.16),
∆2w2k = o(r
−ǫ) + ξ2k(x),
and w2k ∈ C4−ǫ. Then there exists a degree 3 polynomial g2k such that w¯2k =
w2k − g2k ∈ C4−ǫ. Note that
∆2w¯2k = e
4s2k−1 (exp (4w¯2k + g2k +Q2k−1)− 1) r4β + ξ2k−1(7.17)
= e4s2k(e4w¯2k − 1)r4β + r4βe4s1 (eQ2k−1 − 1)+ ξ2k−1
= o(r4+4β−ǫ) +R2k + ξ2k−1.
We have the expansion
R2k =
2k∑
l=0
φ2kl r
4((l+1)β+l) +O(r
4
2k+1 )
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Solve
(7.18) ∆2Q2k =
2k∑
l=0
φ2kl r
4((l+1)β+l),
by Lemma 7.2. Let w2k+1 = w¯2k −Q2k. By (7.18)
∆2w2k+1 = o(r
4+4β−ǫ) +O(r
4
2k+1 ) + ξ2k−1.
Hence, the right hand side of (7.17) is Ho¨lder continuous. By the regularity theory
of elliptic equations, w2k+1 ∈ C4,γ for some γ > 0 and we conclude the proof. 
Proof of Case 3, β = 12k − 1 . As in previous cases, we replace w by w¯ = w− g0(x)
such that w¯ = o(r4β+4−ǫ).
If k = 1, we use Taylor expansion of e4g0(x) at 0 to get
(e4g0(x) − 1) = f(x)r−2 +O(1),
where f(x) is a polynomial with degree at most 2. Then
∆2w¯ = e4w¯+4g0r4β(7.19)
= e4g0(e4w¯ − 1)r4β + (e4g0)r−2
= o(r8β+4−ǫ) + f(x)r4β + ξ(x)
= o(r−ǫ) + f(x)r−2 + ξ(x)
where ξ is a smooth function. As in (7.7), there exists a function q0(x) by (7.2)
such that
(7.20) ∆2(q0r
2) = f(x)r−2.
By (7.19) and (7.20),
(7.21) ∆2(w¯ − q0(x)r2) = o(r−ǫ) + ξ(x).
Apply the elliptic regularity theory to (7.21),we have
w1 = w¯ − q0(x)r2 ∈ C4−ǫ.
Suppose that w¯1 = w1 − g1(x) such that g1 is a polynomial with degree 3 and
w¯1 = o(r
4−ǫ). Then
∆2w¯1 = ∆
2(w1) = ∆
2(w¯ − q0r2)
= e4wr−2 − f(x)r−2
= e4(g1+q0r
2+g0)(e4w¯1 − 1)r−2 + e4g0+4g1(e4q0r2 − 1)r−2
+ e4g0(e4g1 − 1)r−2 + ξ(x)
= o(r2−ǫ) + c log r +R1(x) + ξ(x).
Here, the remainder term
R1(x) = e
4g0(e4g1 − 1)r−2
= f1(x)r
−2 +O(r),
where f1(x) is a quadratic polynomial. So
∆2w¯1 = ξ1(x) + c log r + f1(x)r
−2,
for some Ho¨lder continuous ξ1. Pick c1 ∈ R and q1(x) a function in (7.2) such that
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∆2c1r
4 log r = c log r − c2,
and
∆2[q1(x)r
2] = f1(x)r
−2.
We obtain that
∆2(w¯1 − c1r4 log r − q1(r)r2) = ξ2(x),
where ξ2 is a Ho¨lder continuous function. This shows that
w = (aijxixj + bixi + c)r
2 log r + c1r
4 log r + ψ(x),
where ψ(x) ∈ C4,γ for γ > 0. Particularly, it concludes the case where β = −1/2.
We are done.
For β 6= −1/2, there exists q0(x) a polynomial satisfying (7.7). Then
w1 = w¯ − q0(x)r4β+4 ∈ C8β+8−ǫ.
There exists a polynomial g1(x) such that w¯1 = w1 − g1 = o(r8β+8−ǫ). We expand
∆2w¯1 in the form of (7.11). Note that the remaining term R1(x) in (7.12) has the
following form:
R1(x) =
2k∑
l=1
φlr
4l(β+1)−4 +O(rγ ).(7.22)
=
2k−1∑
l=1
φlr
2l
k −4 + φ2k +O(r
γ).
In (7.22), φk(x)r
2k
k −4 = φk(x)r
−2. We assume deg φk ≤ 2, since pm(x)r−2 is
Ho¨lder continuous for any homogeneous polynomial pm ∈ Pm for m ≥ 3. We
can find polynomials ql1(x) for l 6= k, such that
∆2(ql1(x)r
4l(β+1)) = φl(x)r
4l(β+1)−4.
There exists a function qk1 (x) in the form of (7.2) such that ∆
2(qk1 (x)r
2) = φkr
−2.
Let
Q1(x) =
2k−1∑
l=1
ql1(x)r
4l(β+1).
Let w2 = w¯1 −Q1(x). Then
∆2w2 = o(r
16β+12−ǫ) + ξ2(x).
We iterate as in the proof of Case 1. Suppose that wl ∈ C4(l+1)(β+1), l ≤ j ≤ 2k
and wj = w¯j−1 −Qj−1, for
Qj−1 =
2k∑
l=1
qlj−1r
4l(β+1)P lj−1(log r),
where qlj−1 and P
l
j−1 are polynomials. For wj there is a degree 3 polynomial gj
such that w¯j = wj − gj and w¯j = o(r4(l+1)(β+1)−ǫ). Thus
∆2w¯j = o(r
4(j+1)(β+1)−ǫ) +Rj(x) + ξj−1(x).(7.23)
Here Rj(x) can be written as
Rj(x) =
∑
l 6=k,1≤l≤2k
φlj(x)P¯
l
j (log r)r
2l
k −4 + φkj (x)r
−2P¯ kj (log r) +O(r
γ),(7.24)
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where φlj , P¯
l
j are polynomials. We may assume that deg φ
k
j ≤ 2 because pm(x)r−2P¯ kj (log r)
is Ho¨lder continuous for any homogeneous polynomial pm ∈ Pm, m ≥ 3. By
Lemma 7.2, we can find
Qj(x) =
2k∑
l=1
qlj(x)P
l
j (log r)r
4l(β+1),
such that
(7.25) ∆2Qj =
∑
l 6=k,1≤l≤2k
φlj(x)P¯
l
j (log r)r
2l
k −4 + φkj (x)r
−2P¯ kj (log r).
Then by (7.23),(7.24) and (7.25),
(7.26) ∆2(w¯j −Qj) = o(r4(j+2)(β+1)−4−ǫ) + ξj(x).
Let wj+1 = w¯j − Qj . Then, wj+1 is in W 4,p for 1 < p < − 1(j+2)β+j+1 . The
iteration procedure does not stop until j = 2k − 1 when the right hand side of
(7.26) is Ho¨lder continuous. Again, we use the elliptic regularity theory to show
w2k ∈ C4,γ and the proof is complete. 
8. Uniqueness result with 2 singularities
In this section, we give a proof of Theorem 1.6. Let M = S4. Let g0 be the
standard metric on 4-sphere. Let (M, g0, D, g1) be the conic sphere with divisor
D = β0p0 + β1p1, then
´
M Qg1dVg1 = 8π
2(2 + β0 + β1) by Proposition 3.2. Note if
w is a solution on the sphere with divisor D, we have
PS4w + 6 = 3(2 + β0 + β1)e
4w.
Here we have normalized the equation such that the conic sphere has the same
volume as that of a standard 4-sphere. Let k¯g = 3(2 + β0 + β1). We only consider
solutions such that
w −
∑
i=0,1
ηi(x)βi log |x− pi| ∈ H2(dV0),
where p1 and p2 are two points on the sphere and ηi(x) are cut off functions in the
neighborhood of pi in (1.3), i = 0, 1 respectively. By a conformal transform on the
sphere, we may assume that p1 and p2 are antipodes xS and xN , respectively. By
a stereographic projection from xN , we obtain the equation on R
4
(8.1) ∆2u = k¯ge
4u.
We state two lemmas that describe the asymptotic behavior of u.
Lemma 8.1. ∆u− 2β0 1|x|2 = −
k¯g
4π2
´
R4
e4u(y)
|x−y|2dy−C1 where C1 ≥ 0 is a constant.
Lemma 8.2. u−β0 log |x| = − k¯g8π2
´
R4
log |x−y||y| e
4u(y)dy+C0 where C0 is a constant.
Besides, for any ǫ > 0 there is an Rǫ such that
(8.2) (−2− β1) log |x| ≤ u ≤ (−2− β1 + ǫ) log |x|,
for |x| ≥ Rǫ.
For the proof of Lemma 8.1 and Lemma 8.2, see Lemma 2.1 - 2.5 in [Lin98]. We
should mention that since we always assume that the solution u comes from a H2
function on S4, u satisfies assumptions in Lin’s paper for both lemmas.
Now we derive an asymptotic expansion of u at infinity.
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Lemma 8.3. Let u be a solution of (8.1). Then, u has the following asymptotic
expansion as ∞:
u(x) = −(2 + β1) log |x|+ c+ O(|x|−1)
and


−∆u(x) = |x|−2(a0 +
∑
4l(β1+1)<1
a0,l|x|−4l(β1+1)P0,l(− log |x|) +
∑
i aixi|x|−2
+
∑
4l(β1+1)<1
∑4
i=1 ai,lxi|x|−4l(β1+1)−2Pi,l(− log |x|)) +O(|x|−4),
− ∂∂xi∆u(x) = a0xi|x|−4 +O(|x|−(3+δ)),
− ∂2∂xi∂xj∆u(x) = O(|x|−4),
(8.3)
for large |x|, where c, 0 < δ < 4(β1+ 1) and ai,l are constants and Pi,l are polyno-
mials. Note that a0 = 2(2 + β1) is positive.
Proof. Let w(x) = u
(
x
|x|2
)
− (2 + β1) log |x|. By Lemma 8.1 and Lemma 8.2, we
see that w(x) satisfies

∆2w(x) = k¯ge
4w|x|4β1 in R4 − {0},
|w(x)| = o(log |x|) as |x| → 0,
|∆w| = o(|x|−2) as |x| → 0.
Let h(x) be a weak solution of

∆2h(x) = k¯ge
4w(x)|x|4β1 in B1,
h(x) = w(x) on ∂B1,
∆h(x) = ∆w(x) on ∂B1.
By Lemma 8.2, e4w(x)|x|4β1 is in Lp(B1) for (−β1)−1 > p > 1. By the regularity
theory of elliptic equations, ∆h(x) ∈ W 2,p(B1) and h(x) ∈ W 4,p(B1) and hence
h(x) ∈ C4τ for 0 < τ < (1 + β1). Now, let q(x) = w(x) − h(x). Then it satisfies
that 

∆2q = 0 in B1 − {0},
q = ∆q = 0 on ∂B1,
|q(x)| = o(log |x|), |∆q| = o(|x|−2) as |x| → 0.
Thanks to the asymptotic property, we can still apply maximum principle to ∆q
which implies ∆q ≡ 0 and similarly, q ≡ 0. Therefore, w(x) = h(x).
Applying the asymptotic expansion in Theorem 7.3, the lemma follows immedi-
ately. 
We apply the moving plane method to prove the radial symmetry of solutions
with two conical singularities. Following the convention in the literature, see for
example [GNN79, CGS89, Lin98], let λ ∈ R, Tλ = {(x1, x2, x3, x4) : x1 = λ},
Σλ = {x : x1 > λ}, and xλ = (2λ− x1, x2, x3, x4). In order to initiate the moving
plane in x1 direction, we need the following two lemmas.
Lemma 8.4. Let v be a positive function defined in a neighborhood of infinity
satisfying the asymptotic expansion (8.3). Then there exists λ¯ and R > 0 such that
v(x) > v(xλ)
holds for λ < λ¯, |x| ≥ R and x ∈ Σλ.
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Lemma 8.5. Suppose v satisfies the assumption of Lemma 8.4 and v(x) > v(xλ0 )
for x ∈ Σλ0 . Assume v(x) − v(xλ0 ) is superharmonic in Σλ0 . Then there exist
ǫ > 0, S > 0 such that the followings hold.
(i) vx1 > 0 in |x1 − λ0| < ǫ and |x| > S.
(ii) v(x) > v(xλ) in x1 ≥ λ0 + ǫ2 > λ and |x| > S
for all x ∈ Σλ, λ ≤ λ1 with |λ1 − λ0| < cǫ, where c = c(λ0, v) is a small positive
number.
Both lemmas are contained in the celebrated paper by Caffarelli-Gidas-Spruck
[CGS89]. For the proofs, see Lemma 2.3 and 2.4 in [CGS89]. We should remind
the readers that although our asymptotic expansion is not the exact form in the
above paper, the leading terms are the same. Hence the argument in [CGS89] can
be applied.
Proof of Theorem 1.6. For any λ 6= 0, let wλ(x) = u(x)−u(xλ) in Σλ. Then wλ(x)
satisfies {
∆2wλ = bλ(x)wλ x ∈ Σλ,
wλ = ∆wλ = 0 x ∈ Tλ,
where
bλ(x) = k¯g
e4u(x) − e4u(xλ)
u(x)− u(xλ) > 0.
By our assumption at 0,
(8.4) wλ(x) = β0 log |x| +O(1).
By Lemma 8.4, −∆wλ > 0 for x ∈ Σλ, λ ≤ λ¯ < 0, |x| > R. Since v(x) = −∆u > 0,
there is λ¯1 ≤ λ¯ such that v(xλ) < v(x) for |x| < R and λ < λ¯1. Hence
−∆wλ(x) > 0,
in Σλ for λ ≤ λ¯1. We remark that the singularity of u at 0 does not affect the
computation. By Lemma 8.3, lim|x|→∞ wλ(x) = 0. By (8.4) we can choose δ small
such that wλ > 0 on the boundary ∂Bδ(0). Apply maximum principle in Σλ−Bδ(0)
, we have wλ(x) > 0 in Σλ −Bδ(0) for λ ≤ λ¯1. Then taking δ → 0, we have
(8.5) wλ(x) > 0, x ∈ Σλ.
Let
λ0 = sup{λ < 0 : v(xµ) ≤ v(x), x ∈ Σµ for µ ≤ λ}.
If λ0 = 0 then we are done. Otherwise, we claim that
(8.6) u(x) ≡ u(xλ0 )
for x ∈ Σλ0 . This also implies that λ0 = 0. We argue by contradiction. Suppose
that λ0 < 0 and wλ0 6≡ 0 in Σλ0 . By continuity, ∆wλ0 ≤ 0(= −∞ at 0) in Σλ0 .
Since wλ0(x)→ 0 as |x| → ∞, by strong maximum principle wλ0 > 0 in Σλ0 . Then
we have
(8.7) ∆2wλ0 = k¯g(e
4u(x) − e4u(xλ0)) > 0.
Hence ∆wλ0 is subharmonic. Similar to (8.5), we apply strong maximum principle
in Σλ0 to get ∆wλ0(x) < 0 in Σλ0 . By the definition of λ0 , there is a sequence
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λn ↓ λ0 and λn < 0 such that supΣλn ∆wλn > 0. Since lim|x|→∞∆wλn(x) = 0, there
exists zn ∈ Σλn such that
∆wλn(zn) = sup
x∈Σλn
∆wλn(x) > 0.
Note that clearly zn 6= 0 and at each zn,
∇∆wλn(zn) = 0.
By Lemma 8.5, zn are bounded. Suppose that z0 is a limit point of zn. z0 can not
be 0 since ∆wλ(z)→ −∞ as z → 0. If z0 ∈ Σλ0 , by continuity, ∆wλ0 (z0) = 0. This
contradicts with the fact that ∆wλ0 < 0 in Σλ0 . If z0 ∈ Tλ0 , then ∇(∆wλ0 (z0)) = 0,
which along with (8.7) contradicts to Hopf’s lemma at z0. Hence the claim is proved.
By (8.6), we have
u(x1, x2, x3, x4) = u(−x1, x2, x3, x4).
By choosing different coordinate systems, we get that u is radial symmetric. We
have thus proved Theorem 1.6. 
Appendix
Proof of Lemma 7.2. For each degree m, we only have to consider homogeneous
polynomials in Pm.We discuss 2 cases where β 6= − 12 or β = − 12 .
Case 1. Suppose that β 6= − 12 . Let p(x) ∈ Pm . By Euler formula, xiDip(x) =
mp(x).
∆(p(x)r4β+2) = r4β
(
r2∆p(x) + (4β + 2) (4β + 4 + 2m) p(x)
)
So ∆
(
p(x)r4β+2
)
= f(x)r4β if
(8.8) r2∆p(x) + (4β + 2)(4β + 4 + 2m)p(x) = f(x).
Note if β ∈ (−1, 0) and β 6= −1/2, then (4β + 2)(4β + 4 + 2m) can not be an
eigenvalue of r2∆. Then by Lemma 7.1, we see that there exists a p(x) such that
(8.9) ∆(p(x)r4β+2) = f(x)r4β .
Now let q(x) be a homogeneous polynomial with degree m. Then
∆(q(x)r4β+4) = r4β+2
(
r2∆q(x) + (4β + 4) (4β + 6 + 2m) q(x)
)
Apply Lemma 7.1 again, there is a polynomial such that ∆
(
q(x)r4β+4
)
= p(x)r4β+2.
To solve
(8.10) ∆2g = f(x)(log r)k|x|4β ,
we first compute
∆[p(x)r4β+2 log r] = r4β log r
(
r2∆p(x) + (4β + 2)(2m+ 4β + 4)p(x)
)
(8.11)
+ r4βφ(x),
where φ(x) ∈ Pm−2. First, we can solve
r2∆p1(x) + (4β + 2)(2m+ 4β + 4)p1(x) = f(x),
as in (8.8). We can also find a polynomial p2(x) such that ∆(p2(x)r
4β+2) = φ(x)r4β .
Thus,
∆[r4β+2(p1 log r − p2)] = f(x)r4β log r.
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By a similar argument, there exist q1, q2 such that
∆[r4β+4(q1(x) log r + q2(x))] = (p1(x)|x|2 log r − p2(x)|x|2)r4β ,
hence
∆2[(q1(x) log r + q2(x))r
4β+4] = f(x)(log r)r4β .
This gives the solution g = r4β+4(q1(x) log r + q2(x)) for k = 1 in (8.10). We use
induction for k ≥ 2. Suppose that we can find solutions of (7.1) for 0 ≤ l ≤ k − 1
∆
(
p(x)r4β+2(log r)k
)
= r4β(log r)k
(
r2∆p(x) + (4β + 2)(4β + 4 + 2m)p(x)
)
(8.12)
+
k−1∑
j=0
r4βφj(x)(log r)
j ,
where φj(x) are polynomials. Then we can find p(x) such that
r2∆p(x) + (4β + 2)(4β + 4 + 2m)p(x) = f(x).
In the remaining terms
∑k−1
j=0 r
4βφj(x)(log r)
j , the degrees of log r are strictly
smaller than k. Therefore, the remaining terms can be solved by induction and
there exist {pl(x)} such that
∆
∑
l
plr
4β+2(log r)l = f(x)r4β(log r)k.
Repeat the argument for each f˜(x) = pl(x)|x|2 and we can solve (8.10).
Case 2. β = − 12 . If homogeneous degree m = 0, we see that ∆2( c16r2 log r) =
cr−2. So this is true for degree 0 polynomial. If m = 1, direct computation shows
that
∆2(
aixi
48
r2 log r) = aixi.
If m = 2, we have for i 6= j,
∆2(xixjr
2 log r) = 96xixjr
−2.
For i = j, we compute
∆2(x2i r
2 log r) = 32 + 96x2i r
−2 + 48 log r.
Note that ∆2(r4 log r) = 7× 64+ 3× 128 log r. Since ∆2r4 = 192, we can still find
a solution for ∆2(q(x)r2) = x2i r
2 in the form of (7.2).
For functions in the form of f(x)r−2(log r)l in (7.3), we argue by induction with
respect to k. Note the above argument is for l = 0. Suppose that for 0 ≤ l ≤ k− 2,
we have a solution for (7.3). We prove for l = k − 1. Any quadratic polynomial
f(x) is a linear combination of 1, xi, xixj , x
2
i . Thus, we only have to consider these
4 subcases.
Subcase 1, f(x) = 1. Take test function cr2(log r)k. Compute
∆2[cr2(log r)k] = cr−2(c1(log r)
k−4 + c2(log r)
k−3 + c3(log r)
k−2 + 24(log r)k−1),
(8.13)
where ci are polynomials of k and ci = 0 for k = 1, 2, ..., 4− i. Let c = 2−4 and the
first term can be cancelled. The remaining terms f −∆2[cr2(log r)k] in (8.13) are
lower degrees terms and can be solved by induction.
CONSTANT Q-CURVATURE METRICS ON CONIC 4-MANIFOLDS 34
Subcase 2, f(x) = xi. We consider a test function of the form cxir
2(log r)k.
Direct computation shows
∆2(cxir
2(log r)k) = ck
xi
r2
logk−4 (r) (
2∑
i=0
ci(log r)
i + 48 log3 (r)).
Likewise, take c = (48k)−1. Then, f(x) − ∆2(cxir2(log r)k) has lower degrees in
log r and we can solve the remaining terms by induction.
Subcase 3, f(x) = xixj , i 6= j. By taking out a test function in the form of
cxixjr
2(log r)k with a proper choice of c, we may reduce the top degree of log r.
Then, the lower degree terms can be solved by induction. The argument is similar
to subcase 2.
Subcase 4, f(x) = x2i . We compute directly,
∆2(x2i r
2(log r)k) = x2i r
−2(log r)k−1k × 96 + x2i r−2kP (log r) +Q(log r),(8.14)
where P and Q are polynomials in one variable and degP (x) ≤ k−2, degQ(x) ≤ k.
Note that the degree of P (x) is less than k − 1. Thus, by induction assumption
there exists a function P¯ (x) in the form of (7.3) such that
(8.15) ∆2(P¯ (x)r2) = x2i r
−2P (log r).
For Q(x) in (8.14), if it has degree k, there is a test function in the form of
cr4(log r)k. We compute
∆2
(
r4(log r)k
)
= k logk−4 (r) ((k − 1) (k − 2)(k − 3)
+ b1k (k − 1) (k − 2) log (r)
+ b2(k − 1)k log2 (r) + b3k log3 (r)) + 12× 16 logk (r) ,
where bi are constants independent of k. Suppose that ak 6= 0 is the coefficient of
the top degree term of Q(x). Then,
(8.16) R(log r) = Q(log r) −∆2
(
ak
12× 16r
4(log r)k
)
is a polynomial in log r with degree less than k. Thus, we can apply the induction
assumption to R(log r) to show that there exists a polynomial Q¯(x) with deg Q¯(x) ≤
k and
(8.17) ∆2(r4Q¯(log r)) = Q(log r).
Now let
f˜(x) =
1
96k
(x2i r
2(log r)k − P¯ (x)r2 − r4Q¯(log r)).
By (8.14),(8.15) and (8.17),
∆2f˜(x) = x2i r
−2(log r)k−1
This completes the last case. 
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